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a b s t r a c t
This paper studies the numerical solution of a reaction–diffusion differential equationwith
traveling heat sources. According to the fact that the locations of heat sources are known,
we add auxiliary mesh points exactly at heat sources and present a novel moving mesh
algorithm for solving the problem. Several examples are provided to demonstrate the
efficiency of the newmoving mesh method, especially in the case of two or three traveling
heat sources. Moreover, numerical results illustrate that the speed of the movement of the
heat source is critical for blow-up when there is only one traveling heat source. For the
case of two traveling heat sources, blow-up depends not only on the speed but also on the
distance between the two traveling heat sources.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
We consider an important blow-up problem in [1,2], which gives the following partial differential equation (PDE) with
moving heat sources,
ut − uxx =
q∑
i=0
δ(x− si)Fi[u(si, t)], (x, t) ∈ R× R+, q = 0, 1, (1)
with the boundary and initial conditions
u(x, t)→ 0 as |x| → ∞, (2)
u(x, 0) = u0(x), −∞ < x <∞. (3)
Here u(x) is the temperature in an infinitely long medium. The initial temperature u0(x) is continuous and bounded with
u0(x) → 0 as |x| → ∞. The two sources are located at s0 and s1 with s1(t) = s0(t) + d, where d > 0. Thus, both sources
move with the same speed. The nonlinear source functions Fi, i = 0, 1, are smooth and satisfy:
F (k)0 (u) ≥ F (k)1 (u) > 0, k = 0, 1, 2, for u ≥ 0.
Eq. (1) is important and used to study the combustion theory [3]. However, there are mainly two difficulties in solving
problem (1). One is the delta function on the right-hand side of (1), which leads the solution derivatives discontinuous. The
discretization of (1), using either finite difference method or finite element method, may meet with difficulty when one of
the mesh elements crosses the time-dependent curves si(t), i = 0, 1. Various approaches have been used to solve these
interface problems. The immersed interfacemethod (IIM) developed by Leveque and co-workers achievesmuch success [4].
∗ Corresponding author.
E-mail address:matlkw@zju.edu.cn (K. Liang).
0377-0427/$ – see front matter© 2010 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2010.04.033
H. Zhu et al. / Journal of Computational and Applied Mathematics 234 (2010) 3332–3343 3333
The main idea is to incorporate the known jumps of the solution or of its derivatives into the finite difference scheme to
obtain a modified scheme which is second-order accurate.
Another difficulty is the blow-up phenomenon will happen at some time T . It has been proved by Kirk and Olmstead [2]
when the heat source speed is sufficiently slow. Thus, the speed of moving source s′0(t) is critical for blow-up when there
is only one heat source. For the case of two heat sources, the distance d is another critical point [1]. Considerable efforts
have been devoted for the nonlinear reaction–diffusion equations with singularities [5,6]. Since the singularity developed
on relatively small time intervals or spatial length scales, it is essential to use an adaptive mesh in the numerical simulation.
With respect to the fixed mesh method, moving mesh method achieves the significant improvements in the accuracy and
efficiency [7–9]. Recently, MMPDEs (moving mesh PDEs) approach is developed in [10] and has been successfully applied
in a few blow-up partial differential equations [11–16]. In [10], several satisfactory mesh equations called MMPDEs are
presented. Among them, MMPDE4, MMPDE5 and MMPDE6 are popular to use.
In [15], MMPDE6 is used to compute the Eq. (1) with one heat source, q = 0. Based on the idea for solving delta functions
on fixed mesh [4,17], Ma and his co-worker develop an accurate approximate scheme by constructing a smooth function
using the information of jumps. And five different approximations are derived depending on the location of the heat source.
Then an accurate moving mesh algorithm is developed.
In this paper, we present a newmovingmeshmethod for the Eq. (1). We note that the blow-up point is always located at
the heat source (or one of them) and the positions of heat sources are the functions of timewhich have been given.Motivated
by these, we add auxiliary mesh points exactly at the heat sources in every temporal discretization level. There is no doubt
about the auxiliary points may help to accurately capture the singularity. Moreover, we simplify the investigation cases of
the discretization in [15] and are adequate to solve the problem (1) with two moving sources. However, unlike MMPDEs
in [15], the newmethod can be viewed as a combination ofmovingmeshmethod and a special adaptivemethod. The critical
auxiliary points, which are introduced in Section 2, only exist at the current temporal level and do not move into the next
temporal level. Thus, the total mesh points at every temporal level are either the same as N (the number of the initial mesh
points), or at most N + 1 for one heat source or N + 2 for two heat sources. To compare with h-adaptive method, the new
method can keep the advantages of moving mesh method. The influences of the velocity of heat source and the distance
between two heat sources in occurrence of blow-up are investigated by numerical experiments.
The paper is organized as follows. In Section 2, we first briefly review moving mesh methods. Then, our algorithm for
Eq. (1) is derived. In Section 3, a number of numerical experiments are presented to illustrate the accuracy and efficiency of
the algorithm. Finally, conclusions are given in Section 4.
2. Moving finite difference algorithm
In this section,we derive amoving finite difference algorithm for the Eq. (1). First,movingmeshmethodswill be reviewed
briefly. Then, the finite difference discretization of the Eq. (1) will be discussed.
2.1. Moving mesh methods
The moving mesh methods are used to obtain a time-dependent grid that is fit to the solution. Let x and ξ denote the
physical and the computational coordinates, respectively. Without loss of generality, we suppose the physical and the
computational domains are both given by [0, 1]. Then a one-to-one coordinate transformation between them is denoted
by
x = x(ξ , t),
with
x(0, t) = 0, x(1, t) = 1.
Given a uniform mesh on the computation domain ξi = iN , i = 0, 1, . . . ,N, the corresponding non-uniform mesh in x is
0 = x0 < x1(t) < x2(t) < · · · < xN−1(t) < xN = 1.
The equidistribution principle (EQ) of the mesh [10] can be expressed as∫ x(ξ ,t)
0
M(x, t)dx = ξ
∫ 1
0
M(x, t)dx,
where the monitor function M(x, t) chosen to be some measure of the solution error plays a key role in the moving mesh
method. Differentiating the above equation with respect to ξ twice, we obtain an equivalent differential form,
∂
∂ξ
(
M(x(ξ , t), t)
∂
∂ξ
x(ξ , t)
)
= 0. (4)
Several MMPDEs can be derived from Eq. (4), see [10]. The MMPDE6
∂2x˙
∂ξ 2
= −1
τ
∂
∂ξ
(
M
∂x
∂ξ
)
, (5)
will be employed in this work.
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Fig. 1. Different location of the heat point si .
To complete the moving mesh methods, we write Eq. (1) in the following form:
u˙− uxx˙− uxx =
q∑
i=0
δ(x− si)Fi[u(si, t)], q = 0, 1, (6)
noticing that
u˙ := ∂u(x(ξ , t), t)
∂t
∣∣∣∣
ξ fixed
= ut + uxx˙. (7)
The mesh equation (5) and the above transformed equation (6) will be solved simultaneously or respectively.
2.2. The finite difference method
Now, we employ the finite difference method in the mesh equation (5) and the transformed equation (6). The mesh
equation (5) is discretized by centered finite differences to obtain the following equation
x˙i+1 − 2x˙i + x˙i−1 = −1
τ
(
Mi+ 12 (xi+1 − xi)−Mi− 12 (xi − xi−1)
)
, (8)
withMi+ 12 = (Mi+1 +Mi)/2. There is some difficulty in discretizing Eq. (6) because of the delta function on the right-hand
side of the equation. But it is well known that the solution u is smooth when x 6= si, i = 0, 1 and is only continuous in whole
domainΩ . Thus, we may conduct the following equation
u˙− uxx˙− uxx = 0. (9)
Each term of (9) contains a jump when they cross the curve s0(t) (or s1(t)). If we introduce the notation of a jump
[ϕ](x¯,t¯) := lim
ε→0+
(ϕ(x¯+ ε, t¯)− ϕ(x¯− ε, t¯)),
we can write
[u](si(t),t) = 0, [ux](si(t),t) = −Fi(u(si(t), t)), i = 0, 1.
Moreover, the jump of directional derivative of u(x, t) along the vector (s′i, 1) is zero, which follows
[ux](si(t),t)s′i(t)+ [ut ](si(t),t) = 0, i = 0, 1.
This gives that
[ut ](si(t),t) = −s′i(t)[ux](si(t),t) = s′i(t)Fi(u(si(t), t)), i = 0, 1.
Recalling (7) and (1), we have
[u˙](si(t),t) = [ut + uxx˙](si(t),t)
= [ut ](si(t),t) + x˙[ux](si(t),t)
= (s′i(t)− x˙)Fi(u(si(t), t))
and
[uxx](si(t),t) = [ut ](si(t),t) = s′i(t)Fi(u(si(t), t)), i = 0, 1.
According to the heat sources, the mesh points are classified as the regular ones and the irregular ones. A mesh point xj
is regular if the heat sources si 6∈ (xj−1, xj+1) (see the subgraph (a) of Fig. 1). There are three types of irregular mesh points
(see xj in the subgraphs (b), (c), (d) of Fig. 1).
For the regular mesh point, the standard centered finite difference is used to discretize the terms ux and uxx. But some
modification should be carefully made when discretizing the terms ux and uxx at the irregular mesh point. By constructing a
smooth function, five different cases of the discretization are developed in [15]. Different from them, we add auxiliary mesh
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Fig. 2. Illustration for Case 2.
points exactly at the heat sources before constructing the approximate schemes of the transformed equation. Thus, there is
only one type of irregular mesh point. The other two cases si ∈ (xn+1j−1 , xn+1j ) and si ∈ (xn+1j , xn+1j+1 ) (the cases of the subgraphs
(b) and (d) in Fig. 1) discussed in [15] will not occur. Thus, only the following three cases of the discretization are considered
in the new moving mesh method.
Case 1. If si(t) (i = 0, 1) does not pass through (xn+1j−1 , xn+1j+1 ) and (xnj , xn+1j ), the approximation terms in the transformed
equation (6) are given as
u˙(xn+1j , tn+1) ≈
un+1j − unj
tn+1 − tn ,
ux(xn+1j , tn+1) ≈
un+1j+1 − un+1j−1
hn+1j + hn+1j+1
, hnj := xnj − xnj−1,
and
uxx(xn+1j , tn+1) ≈
un+1j+1 −un+1j
hn+1j+1
− u
n+1
j −un+1j−1
hn+1j
hn+1j +hn+1j+1
2
.
Case 2. If si(t) (i = 0, 1) intersects with (xnj , xn+1j ) at t = t¯ ∈ (tn, tn+1), then
u˙(xn+1j , tn+1) ≈
un+1j − unj
tn+1 − tn + σ
t¯ − tn
tn+1 − tn
(
s′i(t¯)−
(
xn+1j − xnj
tn+1 − tn
))
Fi(u¯(si(t¯), t¯)),
where
u¯(si(t¯), t¯) := tn+1 − t¯tn+1 − tn u
n
j +
t¯ − tn
tn+1 − tn u
n+1
j ,
and
σ :=
{
1, x(t) crosses si(t) from left-hand side to the right as t increasing (Fig. 2 (Left));
−1, x(t) crosses si(t) from right-hand side to the left as t increasing (Fig. 2 (Right)).
Case 3. If xn+1j = si(tn+1) (i = 0, 1), the approximate schemes have the following two cases.
(a) For the situation in the left subgraph of Fig. 3, we have
0 = u
n+1
j − unj
tn+1 − tn −
(
un+1j+1 − un+1j−1
hn+1j + hn+1j+1
− h
n+1
j Fi(u
n+1
j )
hn+1j + hn+1j+1
)
xn+1j − xnj
tn+1 − tn −
2
hn+1j + hn+1j+1
(
un+1j+1 − un+1j
hn+1j+1
− u
n+1
j − un+1j−1
hn+1j
)
− 2
hn+1j + hn+1j+1
(
Fi(un+1j )+
hn+1j
2
(s′i(tn+1)Fi(u
n+1
j ))
)
.
(b) For the situation in the right subgraph of Fig. 3, we have
0 = u
n+1
j − unj
tn+1 − tn −
(
un+1j+1 − un+1j−1
hn+1j + hn+1j+1
+ h
n+1
j+1 Fi(u
n+1
j )
hn+1j + hn+1j+1
)
xn+1j − xnj
tn+1 − tn −
2
hn+1j + hn+1j+1
(
un+1j+1 − un+1j
hn+1j+1
− u
n+1
j − un+1j−1
hn+1j
)
+ 2
hn+1j + hn+1j+1
(
−Fi(un+1j )+
hn+1j+1
2
(s′i(tn+1)Fi(u
n+1
j ))
)
.
According to the type of themesh point,we need to choose one case among the above three at the temporal level t = tn+1.
Now, given the mesh {xn+1j } at tn+1, we present an algorithm to get the solution {un+1j } as follows.
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Fig. 3. Illustration for Case 3.
Fig. 4. Adding auxiliary mesh point.
Algorithm 1. Given the mesh {xn+1j } at tn+1, we compute the solution un+1j , j = 0, 1, . . . ,N by the following steps:
Step 1. Judge whether the heat sources si(tn+1) is located at mesh points. If not, we add auxiliary mesh points xˆn+1ki =
si(tn+1) at tn+1 to form a new mesh {xˆn+1j }.
Step 2. Mark the corresponding auxiliary mesh point xˆnki at the previous temporal level tn with the same spatial scale of
xˆn+1ki , i.e., xˆ
n
ki
= xnj +
xˆn+1ki −x
n+1
j
xn+1j+1 −xn+1j
(xnj+1 − xnj ), xn+1j < xˆn+1ki < xn+1j+1 , (see Fig. 4). The solution uˆnki at the point xˆnki is gotten
from the cubic polynomial interpolation.
Step 3. Following the above discussion of Cases 1–3, we derive the discretization scheme of the transformed equation (6),
and solve it to get {uˆn+1j }.
Step 4. If si(tn+1) is located at mesh points, then we directly let un+1j = uˆn+1j . Otherwise, we ignore the values uˆn+1ki at the
auxiliary mesh points, i.e., un+1j = uˆn+1j , xn+1j 6= si(tn+1), j = 0, 1, . . . ,N . Thus, the auxiliary points xˆn+1ki only exist
at the process of the current computation and do not move into the next temporal level.
Now the whole moving mesh algorithm is listed in the following form.
Algorithm 2. Given all necessary quantities at tn, we compute the solution and the mesh at tn+1 by the following steps:
Step 1. Let xn+1j = xnj , j = 0, 1, . . . ,N . Execute Algorithm 1 with unj to get the approximation solution denoted by {˜un+1j }.
Step 2. Calculus the valuesMj+ 12 and solve the discrete mesh equation (8) to get the new adaptive mesh {x
n+1
j }.
Step 3. Execute Algorithm 1 again with {xn+1j } and get the solution {un+1j }.
3. Numerical examples
In this section, a number of numerical experiments for the reaction–diffusion equation (1) are performed on MATLAB
7.7.0. The parameter τ in MMPDE6 is given by τ = 5 × 10−4 for blow-up and τ = 10−3 for non-blow-up case. And the
Monitor functionM(x, t) in MMPDE6 [15] is given by
M(x, t) = αu2 + β ((x− s0(t))2 + )− 14 + (1− α − β) ((x− s1(t))2 + )− 14
for the simulation of blow-up, where 0 < α, β < 1, 0 <   1. In the following computations, We take  = 10−5,
α = β = 0.5 for the problems with a moving heat source and α = β = 0.3 for the case of two moving heat sources. In fact,
in the numerical computations, the monitor functionM is usually replaced by a smoothed one [18]:
M˜i =
√√√√ i+p∑
k=i−p
(Mk)2
( γ
1+ γ
)|k−i|/ i+p∑
k=i−p
( γ
1+ γ
)|k−i|
,
where γ > 0 and p ≥ 0 are two smoothing parameters, given by γ = 2 and p = 2 if we do not point it out especially below.
The monitor function for non-blow-up case is given by
M = α
∣∣∣∣∂u∂x
∣∣∣∣+ (1− α)((x− s0(t))2 + )− 14 ,
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Table 1
Error and convergence rates for the case of k = 2.
Uniform meshes in [15]
N, L 25, 25 50, 100 100, 400 200, 1600 400, 6400 800, 25,600
eN,L 8.2208e−2 4.4597e−2 3.0513e−2 1.9829e−2 1.1421e−2 –
eN,L/e2N,4L 1.84335 1.46160 1.53879 1.73611 – –
Adaptively graded mesh method in [15]
N, L 25, 25 50, 100 100, 400 200, 1600 400, 6400 800, 25,600
eN,L 2.8765e−2 6.2424e−3 1.5792e−3 4.0319e−4 1.0127e−4 –
eN,L/e2N,4L 4.60808 3.95288 3.91696 3.92418 – –
Moving mesh method in [15]
N, L 25, 25 50, 100 100, 400 200, 1600 400, 6400 800, 25,600
eN,L 3.8107e−2 9.0647e−3 2.5573e−3 6.9194e−4 1.7949e−4 –
eN,L/e2N,4L 4.20415 3.54459 3.69590 3.85505 – –
Our new moving mesh method
N, L 25, 25 50, 100 100, 400 200, 1600 400, 6400 800, 25,600
eN,L 4.2060e−2 8.8983e−3 2.5249e−3 6.6749e−4 1.7566e−4 –
eN,L/e2N,4L 4.72675 3.52425 3.78263 3.79997 – –
with α = 0.1 and  = 103/N4. The temporal step1tn gives [19,20,14,15]:(
tn : tn =
(n
L
)2
, n = 0, 1, . . . , L
)
,
with L = 100 for non-blow-up, and
1tn = µ(
max
j
{unj }
)2 ,
with µ = 10−3 for blow-up.
Because of the non-linearity of the Eq. (1), Newton iteration is used with the tolerance 1 = 10−8. Our goal is to
demonstrate the efficiency and viability of the computation based on the new moving mesh method.
Example 3.1.
ut − uxx = δ(x− s0)F0[u(s0, t)], −10 ≤ x ≤ 10, t > 0,
u(x, 0) =
{
cos2(pix/2), −1 < x < 1,
0, −10 ≤ x ≤ −1 or 1 ≤ x ≤ 10,
u(−10, t) = u(10, t) = 0,
with
F0(u) = 1+ u2, x ∈ (−10, 10), s0(t) = kt,
where k is the velocity of the heat source. And the role of k in occurrence of blow-up is investigated. The number of spatial
mesh points is N = 51 for non-blow-up case and N = 201 for blow-up case.
For the case of k = 2, we list, in Table 1, our newly computed results together with the existing results for a comparison.
The error is defined as that in [15]
eN,L = max
n
‖uN,L(x, tn)− u2N,4L(x, tn)‖∞.
It illustrates that the convergence order of the finite difference scheme is first-order using fixed (uniform) meshes, while
the new moving mesh method is second-order by adaptively moving the mesh points to the irregular points. Moreover,
we note that the solution does not blow up in the numerical experiment for this case. Thus, the truncation errors of
the finite difference scheme are O(hj+1 − hj) + O(h2j + h2j+1) for the regular mesh points (Case 1 in Section 2), and
O(hj + hj+1) + O(hj+1 − hj) + O(h2j + h2j+1) for the irregular mesh points (Case 3 in Section 2). But, the error in numerical
results is smaller than the estimation of the truncation error.
The left subgraph of Fig. 5 shows themedium is heated as the heat sourcemoves. But themaximum value of temperature
does not go up, because the heat source is continually being exposed to new cool surroundings and the heat is diffused. Thus,
blow-up is prevented. This phenomena is consistent with the results in [2]. It also shows that only the locations near the
heat source are heated. When it is far away from the heat source, the temperature is still zero. The right subgraph of Fig. 5
shows the evolution of the mesh points. A lot of mesh points move to the heat source.
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Fig. 5. Example 3.1 with k = 2. Left: The evolution of the solution. Right: The evolution of the mesh points.
Fig. 6. Example 3.1 with k = 0. Top-Left: The blow-up profiles in computational variable. Top-Right: The evolution of the mesh points. Bottom-Left: The
partial evolution of the solution. Bottom-Right: The evolution of the solution.
When k = 0, the heat source is stationary which gives off an ongoing supply of heat to the same surroundings. Thus,
blow-up occurs at the point s0 (see the bottom-right of Fig. 6). From the bottom-left subgraph of Fig. 6, one also see that
the maximum value of temperature goes up very slowly before the time t = 1. The top-right subgraph of Fig. 6 gives the
evolution of the mesh points. It is observed that most of the mesh points move to the blow-up point x = 0, as t → T (T
denotes the blow-up time) which shows the efficiency of the new moving mesh method. The sensitivity of the smoothing
parameter p in this experiment is investigated in Table 2.
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Table 2
The sensitivity of the smoothing parameter p in Example 3.1 with k = 0.
p Blow-up time
1 1.072191394904
2 1.072206165409
3 1.072218558623
4 1.072221207890
Fig. 7. Example 3.1 with k = 1. Top-Left: The blow-up profiles in computational variable. Top-Right: The evolution of the mesh points. Bottom-Left: The
partial evolution of the solution. Bottom-Right: The evolution of the solution.
Table 3
The blow-up time with different k.
k Blow-up time Blow-up location umax
0 1.072206165409 0 1.48× 106
0.5 1.139400014819 0.5697000074095 1.41× 106
1 1.348093382945 1.348093382945 1.61× 106
1.5 2.029896601437 3.0448449021555 1.69× 106
2 No blow-up No blow-up No blow-up
In the case of k = 1, the heat source is moving in a lower speed. The bottom-right subgraph of Fig. 7 shows that a
phenomenon of blow-up happens. The blow-up time with different k is investigated in Table 3. It is observed that as the
speed of the heat source increases, the blow-up time increases.
Example 3.2.
ut − uxx =
1∑
i=0
δ(x− si)Fi[u(si, t)], −10 ≤ x ≤ 10, t > 0,
u(x, 0) =
{
cos2(pix/2), −1 < x < 1,
0, −10 ≤ x ≤ −1 or 1 ≤ x ≤ 10,
u(−10, t) = u(10, t) = 0,
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Fig. 8. Example 3.2 with d = 2.5. Top-Left: The blow-up profiles in computational variable. Top-Right: The evolution of the mesh points. Bottom-Left:
The partial evolution of the solution. Bottom-Right: The evolution of the solution.
with
F0(u) = F1(u) = 1+ u2, x ∈ (−10, 10),
and
s0(t) = kt, s1(t) = kt + d, k = 2.
We take the number of spatial mesh points N = 201 and consider the case of k = 2. When the heat source moves at
this speed, we recall the result of Example 3.1 and know the solution does not blow up in the case of one heat source. It is
interesting to note that this rule does not work in the situation of two moving heat sources. The phenomenon of blow-up
can be recurrent when two heat sources move at the same speed k = 2.
In the bottom-right subgraph of Fig. 8, the blow-up of the solution happens at the trailing source s0 when d = 2.5. The
top-right subgraph of Fig. 8, shows that most of themesh points are tending to the blow-up point as t → T . The bottom-left
subgraph shows the evolution of the solution before blow-up. The temperature at s0 is higher than s1. This is consistent with
the fact that the leading source s1 serves to preheat the medium so that the temperature at the trailing source s0 becomes
dominant [1]. Thus, blow-up depends not only on the speeds but also on the distance between two heat sources.
In Table 4, we present the corresponding blow-up time and blow-up location for the different distance d. This shows that
the blow-up time increases as the distance between the two heat sources increases.
In the following two examples, we consider curvilinear motion of the heat source. We take the number of spatial mesh
points N = 101 in the both examples.
Example 3.3. We consider the problem in Example 3.1 with a different moving heat source:
s0(t) = sin(pi t).
The right subgraph of Fig. 9 shows that the heat source moves to and fro. However, most of the mesh points still tend
to the blow-up point. The left subgraph of Fig. 9 shows the blow-up time is 2.120656017467 and the maximum value of
solution is umax = 1.20× 106.
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Table 4
The different blow-up time and locations for different d.
d Blow-up time Blow-up location umax
1.5 1.661459018644 3.322918037288 2.78× 106
2.5 2.101438631141 4.202877262282 1.56× 106
3.5 2.531514794424 5.063029588848 2.01× 106
3.8 2.679544777894 5.359089555788 1.93× 106
4.0 2.750664524558 5.501329049116 2.10× 106
Fig. 9. Figures for Example 3.3. Left: The blow-up profiles in computational variable. Right: The evolution of the mesh points.
Fig. 10. Example 3.4. Left: The evolution of the mesh points. Right: The evolution of the solution.
Example 3.4. We consider the problem in Example 3.1 with another moving heat source:
s0(t) = e−t .
Fig. 10 shows the profile of the solution and the evolutions of the mesh. It is observed that the blow-up time with the
maximum value of solution umax = 8.68× 105 is 1.493514195552.
Example 3.5. At last, we consider the problem with three heat sources:
ut − uxx =
2∑
i=0
δ(x− si)Fi[u(si, t)], −10 ≤ x ≤ 10, t > 0,
u(x, 0) =
{
cos2(pix/2), −1 < x < 1,
0, −10 ≤ x ≤ −1 or 1 ≤ x ≤ 10,
u(−10, t) = u(10, t) = 0,
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Fig. 11. Example 3.5. Top-Left: The blow-up profiles in computational variable. Top-Right: The evolution of the mesh points. Bottom-Left: The partial
evolution of the solution. Bottom-Right: The evolution of the solution.
with
F0(u) = F1(u) = F2(u) = 1+ u2, x ∈ (−10, 10),
and
s0(t) = kt, s1(t) = kt + d, s2(t) = kt + 2d, k = 2, d = 1.5.
This is the example of more than two traveling heat sources. The top-left subgraph of Fig. 11 shows the blow-up profiles
in computational variable. It is observed that the gradient of the solution u to ξ is ‘‘better behaved’’, which means the new
moving mesh method works efficiently. The following three subgraphs show the evolutions of the mesh and the profile of
the solution. The blow-up time is 1.491526518326 where the maximum value of solution is umax = 1.0 × 105. It is very
interesting to compare the result to the Example 3.2 with d = 1.5 (see the first row of Table 4). The blow-up time of three
traveling heat sources is smaller than that of two traveling heat sources with the same speed and distance.
4. Conclusions
We have proposed a novel moving mesh method for solving a reaction–diffusion equation with moving heat sources.
The new method is a simplification of the method of [15]. There are only three different cases discussed when discretizing
the PDE in the new method (instead of five cases in [15]). Thus, it is easy for the implementation to solve the problems
with two traveling heat sources or more. Moreover, using this method, we investigate the influence of the source’s velocity
on the blow-up. If the source is traveling at high speed, the blow-up phenomenon can be avoided. Interestingly, however,
this rule does not work in the case of two heat sources. The blow-up can be recurrent when two traveling sources have the
same speed as that in one heat source case. Furthermore, we observe that the blow-up depends on not only the speed but
also the distance between the two traveling heat sources. The blow-up time increases as the distance between the two heat
sources increases. The numerical experiments illustrate the feasibility and effectiveness of the new method. Furthermore,
the extended research on the four heat sources or more is straightforward.
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